The development maps for Engel manifolds are very important tools to classify Engel manifolds. In case of that the development map is a covering, classification of these is algebraic. However, in case of that the development map is not a covering, such a problem is more difficult. But, in this case, we can show that the aoutomorphism group is embedded into an automorphism group of the Cartan prolongation of a contact 3-orbifold. However, in case of that the development map is not a covering, such a problem is more difficult. But, in this case, it holds the following result:
Introduction
is called an Engel manifold. The development maps for Engel manifolds are very important tools to classify Engel manifolds. In case of that the development map is a covering, classification of these is algebraic [1] [2] . However, in case of that the development map is not a covering, such a problem is more difficult. But, in this case, it holds the following result: Theorem 2.1. Let (E, D) be a connected Engel manifold. Suppose that P(E/L, D 2 /L) is a manifold. If the development map φ :
is not covering, then a group morphism Φ :
Where the above L is the characteristic foliation of (E, D) and
The Engel automorphism group is an interesting object. In 1999, R. Montgomery construct an Engel manifold with very small automorphism group [3] . At present, however, any examples with trivial aoutomorphism group are unknown.
1 Engel Manifolds and the development maps Definition 1.1. Let E be a 4-manifold. An Engel structure on E is a smooth rank 2 distribution D ⊂ T E with following condition:
has rank 3, and D 3 :
and let π : E → M is the projective map. Now, we define a rank 2 distribution D on E in the following way: For each l ∈ E with π(l) = x, l ⊂ P(ξ x ) is a line that cross the origin. By the way, we define
Then, D is an Engel structure on E. This Engel manifold (E, D) is called the Cartan prolongation, and we denote this P(M, ξ).
The functor (M, ξ) → P(M, ξ) is fully faithful. Similarly, we can define the Cartan prolongation of a contact 3-orbifold. The condition that it is a manifold is the following. (Note that a contact orbifold is positive if the isotropy group action preserve the orientation of the contact structure.) Theorem 1.3 (Y. [5] ). Let (Σ, ξ) be a contact 3-orbifold. The Cartan prolongation of (Σ, ξ) is a manifold if and only if (Σ, ξ) is positive, and |G x | is odd for all x ∈ Σ, where G x is the isotropy group at x.
The above L is called the characteristic foliation of (E, D). Definition 1.5 (Y. [5] ). Let (E, D) be an Engel manifold, and let L be the characteristic foliation of (E, D). If the leaf space E/L is a manifold, then we says that (E, D) has the trivial characteristic foliation. If the leaf space E/L is an orbifold, then we says that (E, D) has the proper characteristic foliation.
Suppose that (E, D) has the proper characteristic foliation L. The leaf space E/L has a contact structure D 2 /L.
For simplicity, suppose that L is trivial. Let π : E → E/L be the quotient map. We define an Engel morphism φ :
is a manifold if and only if |H x | is odd for all x ∈ E, where H x is the holonomy group at x.
Main result
The functor (E,
Theorem 2.1. Let (E, D) be a connected Engel manifold. Suppose that (E, D) has the proper characteristic foliation L and that |H x | is odd for all x ∈ E, where H x is the holonomy group of L at x.
is not covering, then the above Φ is injective. 
Proof. R is simple connected, since there exists a lift τ : R → R of ψ for the universal covering R ։ R/2πZ ∼ = S 1 . Then τ is monotonic, since τ is an open embedding.
Lemma 2.3. Let P be a manifold and let F be a 1-foliation on P . Suppose that all leaves of F are compact, and that all holonomy groups of F are finite. Take any leaf L ′ of F, any y ∈ L ′ and any codimension 1 submanifold M ⊂ P including y such that M ⋔ F. Then there exist an open set U ⊂ P including L ′ with a projection p : U → L ′ and a complete non-singular vector field X on U tangent to F such that
3. U is the union of some leaves of F.
Moreover, we can assume that
Proof. Let V ⊂ P be a tubular neighborhood of L ′ with the projection q : V → L ′ such that q −1 (y) ⊂ M and q −1 (z) ⋔ F for any ∀ z ∈ L ′ . By the local stability theorem in the foliations theory, there exists an open set ∃ U ⊂ V including L ′ such that U is the union of some leaves of F. Let
= p * Y . These satisfy the above conditions. Moreover, ρ 1 : p −1 (y) → p −1 (y) generates the holonomy group of F at y ∈ L. So there exists an integer n ∈ Z >0 such that n = min{k ∈ Z >0 |ρ k = id}. Take a metric h on p −1 (y), and let g def = h + ρ * 1 h + · · · + ρ * n−1 h. g is a metric on p −1 (y) such that the action of ρ 1 preserves g. Take a convex neghborhood D ⊂ p −1 (y) around y, and let Proof of Theorem 2.1.
Step
We consider the following diagram:
are not covering, since we can regard φ| L , φ| φ −1 (Im(σ)) as local diffeomorphisms R → S 1 . And from (2.2), we regard φ| L , φ| φ −1 (Im(σ))
as (a, b), (c, d) R ։ S 1 . Reverse the orientation, if necessary, we can assume b, d = ∞. So we consider the following diagram:
. So the two lifts f, g of σ • φ are identical on the connected domain E.
Step.2 If, for all leaves ∀ L of L, the restricion φ| L is covering, then φ is covering.
Let C def = {x ∈ E | the leaf including x is compact } , N def = {x ∈ E | the leaf including x is not compact }. Remark E = C N . By the local stability theorem in the foliations theory, C is open.
Let C = C i be the connected components. Then φ| C i :
We will show that C i ⊂ E is closed. Take any ∀ x ∈ C i , and let y def = φ(x). φ is a local diffeomorphism, since there exists a 3-dimensional submanifold 
and a complete non-singular vector field X on U tangent to the characteristic foliation such that these satisfy the conditions of (2.3), where There exists ∃ {x n } ⊂ S ∩ C i such that x n → x(n → ∞).
x = lim x n = limρ n i (x n ) =ρ n i (x).
So x ∈ C. C i ⊂ C is closed, since x ∈ C i .
Case.1 C = ∅ Then E = C. So φ is proper, since φ is a finite covering.
Case.2 C = ∅ Then E = N . Take any ∀ y ∈ P(E/L, D 2 /L), and fix one ∃ x ∈ φ −1 (y). Similarly to the proof of the above claim, take U, p, X, ρ,Ũ ,X,ρ, S. Nowρ : S × R →Ũ is a diffeomorphism. The following diagram is commutative:
/ / U ρ : p −1 (y) × R → U ; (z, t) → ρ t (z) is a covering in trivial. So φ is a covering.
